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We report a fine tuned doping study of strongly overdoped Bi2Sr2CaCu2O8+δ single crystals using
electronic Raman scattering. Combined with theoretical calculations, we show that the doping,
at which the normal state pseudogap closes, coincides with a Lifshitz quantum phase transition
where the active hole-like Fermi surface becomes electron-like. This conclusion suggests that the
microscopic cause of the pseudogap is sensitive to the Fermi surface topology. Furthermore, we find
that the superconducting transition temperature is unaffected by this transition, demonstrating that
their origins are different on the overdoped side.
PACS numbers: 74.72.Gh,74.72.Kf,74.25.nd,74.62.Dh
Revealed more than twenty five years ago by nu-
clear magnetic resonance[1–3], the pseudogap phase in
cuprates remains hitherto a mysterious state of mat-
ter out of which the high-temperature superconductiv-
ity emerges. The pseudogap appears below the T ∗ tem-
perature and manifests itself as a loss of quasiparticle
spectral weight. Although intensely studied in the un-
derdoped regime [4–6], relatively less is known about the
pseudogap on the overdoped side, where it weakens and
eventually disappears. Thus, a logical line of enquiry is
to study the pseudogap closing as a function of doping p,
and to identify what triggers it in the first place.
In systems where T ∗(p) intersects the superconducting
dome described by the critical temperature Tc(p), this
task is complicated by the appearance of the supercon-
ducting phase. One way to proceed is to perform such a
study at the lowest available temperatures, either in the
superconducting phase [7–12], or by suppressing it with
magnetic field [13] or disorder[14]. Often such studies
have inferred a quantum phase transition [15–17] associ-
ated with the pseudogap closing.
A second possibility is to track the normal state pseu-
dogap at a higher temperature, and to study the vicinity
of the doping pc where it closes. Since pc, defined as the
doping where T ∗(p) = Tc(p), is essentially a finite tem-
perature property, a priori it is not clear if it is linked to
a quantum phase transition.
In this work our main result is to show that in
Bi2Sr2CaCu2O8+δ (Bi-2212) pc is indeed tied to a Lif-
shitz quantum phase transition where the underlying
hole-like active Fermi surface becomes electron-like at
a van Hove singularity. Interestingly, we find that Tc
is unaffected by this transition. Moreover, comparing
our results with existing photoemission and tunnelling
data of several hole-doped cuprates, we infer that the
microscopic origins of the pseudogap and the supercon-
ductivity are generically different on the overdoped side.
Only the former is tied to the change in the Fermi sur-
face topology, which removes quasiparticles from regions
in momentum space of high scattering rate (hot regions).
While the collapse of the normal state pseudogap [18–20],
as well as the change of Fermi surface topology [21] have
been reported earlier, to the best of our knowledge, the
link between the two has not been demonstrated before
in Bi-2212. Consequently, our result provides important
clue regarding the microscopic origin of the normal state
pseudogap, and its relation with superconductivity.
One technical obstacle to study pseudogap closing is
the lack of sufficiently overdoped samples belonging to
the same family of cuprates. Indeed, our study was made
possible due to the availability of several high quality Bi-
2212 single crystals with doping close to pc, as reported
in Supplemental Material (SM). The level of doping was
controlled only by oxygen insertion, and the highest dop-
ing achieved was around p = 0.24. This allowed us to
perform a careful finely tuned electronic Raman study of
the doping dependence and determine pc = 0.22.
The Raman measurements were performed in ν =
B1g, B2g geometries that probe respectively the antin-
odal (AN) region near (±pi, 0) and (0,±pi) and the nodal
(N) region near (±pi/2,±pi/2), (cf. SM). Our spectra
are comparable with earlier studies with a different laser
line [22, 23], thereby demonstrating absence of resonance
effects in the overall conclusions. In the following the
quantity of importance is the integrated Raman inten-
sity defined by
Iν(T ) =
∫ Λ
0
dωχ′′ν(ω, T ), (1)
extracted from the Raman response χ′′ν(ω, T ) where Λ is
a cutoff. We experimentally demonstrate our main result
in two steps.
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2In the first step we determine pc precisely, which is a
refinement of our earlier work [18]. In Fig. 1, (a)-(d),
we report Raman responses χ′′B1g (ω, T ) at different tem-
peratures and for different overdoped (OD) compounds.
The temperature dependence of the corresponding inte-
grated intensities IB1g (T ) are shown in Fig. 1,(e)-(h). In
Fig. 1.a, we show the spectra for the Bi-2212 OD80 com-
pound. We observe that the pair-breaking peak (2∆0),
located at 408 cm−1, decreases in intensity with increas-
ing temperature and disappears at Tc. Correspondingly,
IB1g (T ) decreases monotonically exhibiting a dip at Tc
(Fig.1.e). Just above Tc however, the low energy spectral
weight (below 408 cm−1) increases (positive slope) with
temperature.
This recovery of spectral weight,which can be as large
as 15% for p = 0.11 (cf. Fig. 3 in SM), is the signature of
the presence of the pseudogap in the normal state spec-
tra. Note that, this T -dependence is opposite to that of
a normal metal. Therefore, above Tc, IB1g (T ) increases
monotonically, until it reaches a maximum at a temper-
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FIG. 1: (Color online)(a)-(d): T -dependence of the Raman
response χ′′B1g of overdoped Bi-2212. 2∆0 is defined as the
position of the B1g pair breaking peak. The location of the
300 cm−1 phonon peak is marked by a dotted line. (e)-(h):
Integrated Raman intensities are shown in (a)-(d), with cut
off Λ = 850 cm−1. For each doping, IB1g (T ) is normalized
by IB1g (10K). The red curve is a second order polynomial
fit just above Tc indicating the sign change of the slope. We
found a remarkably linear dependence between Tc and 2∆0 in
the critical temperature range 90−50K (cf. SM). The doping
level for each value of Tc was fixed using the Tallon-Presland
formula (cf.SM).
ature T ∗ that defines the onset temperature of the pseu-
dogap (Fig.1.e). Above T ∗, the T-dependence of IB1g
is the one of a normal metal. Our estimate of T ∗(p)
is in good agreement with previous transport and spec-
troscopy measurements (cf. Fig. 4 of SM). As the doping
level increases (Fig. 1. a-d), the difference between Tc
and T ∗ shrinks, and disappears at pc = 0.22, indicating
the collapse of the normal state pseudogap. For p > 0.22
the slope of IB1g (T ) just above Tc is negative, implying
there is no signature of the normal state pseudogap any-
more. Quantitatively, this behavior is captured by the
doping dependence of the loss of the spectral intensity,
defined by IB1g (Tc) − IB1g (T ∗) and which we report in
Fig. 3 as black stars. Note that a change in the slope
of IB1g (T ) at p ≥ 0.22 appears at T ≈ 100K which is
definitely higher than the pseudogap T ∗ ≈ 60K. Conse-
quently, this feature is not related to the pseudogap, and
its origin is currently under investigation.
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FIG. 2: (Color online) B1g (red/grey) and B2g (black) Ra-
man responses of Bi-2212 at 10 K (superconducting state)
and 110 K (normal state) in the overdoped range using 532
nm laser. The (red/grey) and black hatched areas indicate
the magnitudes of the B1g and the B2g responses respectively.
The former increases compared to the latter as a function of
doping up to pc = 0.22.
The second step involves comparing the spectra in the
B1g and B2g geometries, and following their doping evo-
lutions around pc at fixed temperatures. Importantly,
we succeeded in measuring the B1g and B2g Raman re-
sponses of each crystal on the same laser spot (see SM).
We first show in Fig. 2 representative χ′′B1g (ω) (red/grey)
and χ′′B2g (ω) (black) Raman responses, at 10 K (super-
3conducting state) and at 110 K (normal state) for se-
lected doping levels. The Raman shift is expressed in
units of the superconducting gap ∆0(p), in order to com-
pare better samples with varying gap values. Note that,
both in the superconducting and the normal states, the
B1g response increases continuously in magnitude com-
pared to the B2g response for p ≤ 0.22, consistently with
earlier studies [22, 24–30]. However, the crucial finding
of the current work is that this trend changes and the
B1g response starts to decrease beyond 0.22 doping.
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FIG. 3: (Color online) Doping evolution of (i) the ratio
IB1g/IB2g of the integrated intensity (defined in Eq. 1) in
the superconducting and the normal states (filled and open
circles respectively) with cutoff Λ ≈ 3∆0, (ii) the loss of spec-
tral weight related to the pseudogap (black stars). The peak
in the ratio IB1g/IB2g , both for the superconducting and the
normal phases, coincides with the critical doping pc = 0.22
where the pseudogap disappears. The peak is a consequence
of a Lifshitz transition where the hole-like Fermi surface of
the dominant anti-bonding band becomes electron-like as the
chemical potential crosses a van Hove singularity.
The above non-monotonic doping dependence is best
quantified by extracting the ratio of the integrated inten-
sities IB1g/IB2g from the Raman responses χ
′′
ν(ω) using
Eq. 1. Studying the intensity ratio, rather than the abso-
lute intensities, allow us to avoid spurious effects due to
non intrinsic intensity modulations that may occur when
passing from one crystal to another (cf.SM). Note that,
in principle IB1g contains not only the contribution of
the electronic background (which is what we are inter-
ested in), but also that of the phonon peaked sharply at
300 cm−1 (see the dotted line in Fig. 1). However, by
comparing the current spectra with that obtained using
647.1 nm laser line, in which the phonon peak is absent,
we are able to confirm that IB1g , and especially its doping
dependence, is mostly due to the electronic background
[31].
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FIG. 4: (Color online) (a)-(c) With doping hole-like anti-
bonding Fermi surface becomes electron-like at a Lifshitz
transition. The dotted line is the antiferromagnetic Brillouin
zone. HR denotes the hot region of large scattering rate. (d)
Doping dependence of the integrated intensity ratio IB1g/IB2g
in the normal (solid line) and superconducting (dashed line)
states calculated from a theoretical model (see text), repro-
ducing qualitatively the trend of Fig. 3. The curves are nor-
malized (cf.SM). (e)-(g). The associated van Hove singularity
appears in NB1g (ω) (red/grey), the density of states weighted
by the B1g Raman vertex (defined in text), but not inNB2g (ω)
(black), which is multiplied by (t/t′)2 for better visibility.
In Fig. 3 we report the doping dependencies of the
intensity ratios IB1g/IB2g in the superconducting (filled
circles) and the normal states (open circles). Note that,
the ratios in the two phases are nearly the same, thereby
indicating that IB1g/IB2g is unaffected by the supercon-
ducting gap. Most importantly, the ratios change non-
monotonically as a function of p, and they reveal a sharp
peak located at pc = 0.22, the doping where the normal
state pseudogap closes (black stars). We confirmed that
the sharp peak is not a resonance effect, since it is visible
with two distinct laser lines (532 nm and 647.1 nm).
Note that the peak in IB1g/IB2g cannot be attributed
to the doping dependence of the pseudogap which is
monotonic. Instead, the temperature independence of
the sharp peak position indicates that it is related to
enhanced density of states of the underlying band struc-
ture around the AN region of the Brillouin zone. This
invariably leads to the possibility of a doping induced
Lifshitz transition wherein, as a van Hove singularity
crosses the chemical potential, the open hole-like anti-
bonding Fermi surface closes around the (±pi, 0) and
(0,±pi) points and becomes electron-like. An electron-
like anti-bonding band in Bi-2212 at p > 0.22 has been
reported by ARPES data [21], but this change of topol-
ogy was not linked with the closing of the pseudogap.
In order to support this scenario we perform theoret-
ical calculation of the Raman response function using a
minimal tight-binding model
4with the normal state dispersion [32]: k,α =
−2t(cos kx + cos ky) + 4t′ cos kx cos ky ± to (cos kx −
cos ky)
2/4 − µ. Here α = ± refer to the anti-bonding
(AB) and the bonding (B) bands. The superconducting
dispersion is
Ek =
√
2k + ∆
2
k, with ∆k = ∆0(cos kx − cos ky)/2.
We take t′ = −0.3t, to = 0.084t, and a doping inde-
pendent ∆0 = 0.0025t. We change p by varying the
chemical potential µ. As shown in Fig. 4(a)-(c), this
model undergoes a Lifshitz transition at pc = 0.22 where
the AB band changes from being hole- to electron-like
(the B band remains hole-like in this doping range, see
SM). For simplicity we take a constant electron scatter-
ing rate ΓN = 0.01t and ΓS = 0.0025t in the normal and
the superconducting states respectively. An earlier work
has shown that the scattering rates measured from the
slopes of the Raman responses become isotropic around
p ≈ 0.22 [22]. The calculation of χ′′ν(ω) and Iν are stan-
dard (for details, cf. SM). The doping dependence of
the calculated ratio IB1g/IB2g shows prominent peaks at
p = 0.22 (see Fig. 4 (d)), both in the normal and the
superconducting states, and reproduces qualitatively the
experimental trend of Fig. 3.
The origin of the peak can be captured conve-
niently by tracking the doping dependence of the Ra-
man vertex γνk,α-weighted density of states Nν(ω) ≡∑
k,α(γ
ν
k,α)
2δ(ω− k,α) which enter the calculation of Iν .
As shown in Fig. 4(e)-(g), the van Hove singularity shows
up in NB1g (ω), and the peak in the intensity IB1g corre-
sponds to the van Hove singularity crossing the chemical
potential. Simultaneously, since the B2g geometry probes
the diagonal directions of the Brillouin zone, NB2g (ω) is
unaffected by the van Hove singularity and therefore IB2g
has no significant doping dependence.
Based on the Mott formula, at the Lifshitz transition
p = 0.22 we expect a change in the sign of the Seebeck co-
efficient, provided the scattering rates are isotropic [33].
However, as noted in an earlier work [21], the Hall coeffi-
cient may remain positive across the Lifshitz transition,
as observed in thin film studies [34].
A possible interpretation of our results is that the Lif-
shitz transition avoids the pseudogap by effectively mov-
ing quasiparticles from regions of strong scattering (hot
regions) located around (±pi, 0) and (0,±pi) (see panels
(a)-(c), Fig. 4). Note that, this possibility is independent
of the origin of the hot regions which could arise from
fluctuations of antiferromagnetic spin-waves [35–38] or
charge-density waves (related to long-ranged incommen-
surate charge modulations)[39–44], or from Mott-related
physics [45–49]. A second quantum critical point at p∗
inside the superconducting dome, separating a small from
a large FS phase, has been inferred for example in recent
scanning tunnelling microscopy [10, 11] and ARPES [20]
experiments.
An intriguing pattern emerges upon comparing our re-
sults with those on other hole doped cuprate families near
pc. In contrast with Bi-2212 and La1.6−xNd0.4SrxCuO4
[13] where pc is located well inside the superconduct-
T*
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FIG. 5: (Color online) Schematic temperature (T ) versus dop-
ing p phase diagram with three material-dependent possible
locations of the critical doping pc, where the normal state
pseudogap closes, with respect to the superconducting (SC)
dome (shaded blue/grey). (a) is realized in Bi-2212 (current
study), (b) and (c) have been reported for LSCO [50] and
Bi-2201 [51] respectively. The common feature in all three
cases is the coincidence of pc with a Lifshitz transition where
a Fermi surface changes from hole-like to electron-like.
ing dome, in ARPES measurements on La2−xSrxCuO4
(LSCO) of Ref. [50] the endpoints of the pseudogap
and the superconducting phases are nearby in doping.
Scanning tunneling spectroscopy on Bi2Sr2CuO6+δ,(Bi-
2201) instead, found the pseudogap extending well into
the normal phase [51]. This suggests that the position
of pc with respect to the superconducting dome is ma-
terial dependent (see Fig. 5). Interestingly, just as we
established here for Bi-2212, for both LSCO and Bi-2201
data analyses have suggested the coincidence of the pseu-
dogap closing with a Lifshitz transition [50, 51]. Taken
together, this appears to be a universal feature of the
hole doped cuprates, and our findings establish an in-
timate connection between the normal state pseudogap
and Fermi surface topology. In Tl2Ba2CuO6+δ (Tl-2201)
the scenario is less clear, as the observation of the pseu-
dogap is still debated [52].
Few studies [16, 53] on Bi-2212 and YBa2Cu3O7−x,(Y-
123) have reported the pseudogap closing at p = 0.19.
This might simply imply that the normal state and
the superconducting pseudogaps close at different dop-
ings [20]. Alternately, this apparent discrepancy could be
related to the fact that in-plane transport and superfluid
density are mostly sensitive to the nodal properties [37],
while c-axis transport and B1g Raman probe mostly the
antinodal properties [54]. Next, in our scenario it is possi-
ble that for p > 0.22 the pseudogap exists in the hole-like
B band, but we do not find any signature of it in the Ra-
man spectra, consistently with ARPES results [20]. One
possibility is that the response is predominantly from the
AB band since it is close to a density of states singularity.
We notice this trend in the theoretical calculation as well
(cf. SM).
In conclusion, our results demonstrate that the mech-
anism that gives rise to the normal state pseudogap is
sensitive to the topology of the Fermi surface, and is op-
erational only when the latter is hole-like. Furthermore,
we conclude that, on the overdoped side of the cuprates,
5the microscopic origins of the pseudogap and the super-
conductivity are different.
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SUPPLEMENTAL MATERIAL
A. Raman Experiments
Raman experiments have been carried out using a
triple grating spectrometer (JY-T64000) equipped with
a liquid-nitrogen-cooled CCD detector. Two laser excita-
tion lines were used: 532 nm and 647.1 nm from respec-
tively a diode pump solid state laser and a Ar+/Kr+
mixed laser gas. The B1g and B2g geometries were ob-
tained from cross polarizations at 45o from the Cu-O
bond directions and along them respectively. The change
from B1g to B2g geometries was obtained by keeping fixed
the orientations of the analyzers and the polarizers and
by rotating the crystal using an Attocube piezo-driven
rotator. We got an accuracy on the crystallographic
axes orientation with respect to the polarizers close to
2o. Importantly, we succeeded in measuring the B1g and
B2g Raman responses of each crystal on the same laser
spot. This allowed us to keep constant the solid angle of
collection and made reliable the B1g to B2g Raman inte-
grated intensity ratio. Studying the intensity ratio rather
than the absolute intensities of the Raman response pre-
vent us from some non intrinsic intensity modulations
when passing from one crystal to another.
All the spectra have been corrected for the Bose fac-
tor and the instrumental spectral response. They are
thus proportional to the imaginary part of the Raman
response function χ′′ν(ω). Measurements between 4 K
and 300 K have been performed using an ARS closed-
cycle He cryostat. The laser power at the entrance of
the cryostat was maintained below 2 mW to avoid over
heating of the crystal estimated to 3 K/mW at 10 K.
B. Crystal Growth and Characterization
The Bi-2212 single crystals were grown by using a
floating zone method. The optimal doped sample with
Tc = 90 K was grown at a velocity of 0.2 mm per hour
in air [55]. In order to get overdoped samples down to
Tc = 65 K , the as-grown single crystal was put into a
high oxygen pressured cell between 1000 and 2000 bars
and then was annealed from 350oC to 500oC during 3
days [56]. The overdoped samples below Tc = 60 K was
obtained from as-grown Bi-2212 single crystals put into
a pressure cell (Autoclave France) with 100 bars oxygen
pressure and annealed from 9 to 12 days at 350 oC. Then
the samples were rapidly cooled down to room tempera-
ture by maintaining a pressure of 100 bars. The critical
temperature Tc for each crystal has been determined from
magnetization susceptibility measurements at a 10 Gauss
field parallel to the c-axis of the crystal. More than 30
crystals have been measured among 60 tested. The se-
lected crystals exhibit a quality factor of Tc/∆Tc larger
than 7. ∆Tc is the full width of the superconducting
transition. A complementary estimate of Tc was achieved
from electronic Raman scattering measurements by defin-
ing the temperature from which the B1g superconducting
pair breaking peak collapses.
C. Estimate of ∆0 and its relationship to Tc
The determination of ∆0 was achieved by subtract-
ing the normal B1g Raman response at 110 K from the
B1g one in the superconducting state at 10 K. We define
2∆0 as the maximum of the electronic background in the
subtracted spectra, see Fig.1.
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FIG. 6: Subtraction between the normal and superconduct-
ing B1g Raman responses of Bi-2212 for several doping levels.
The arrows indicate the location of 2∆0 in wavenumbers. An
independent accurate estimate of 2∆0 for OD 70 and OD 63
compounds was obtained using the 647.1 nm laser line (not
shown). For this excitation line the phonon peak at 283 cm−1
is no more Raman active and it does not hamper anymore the
estimate of 2∆0.
Special care has been devoted to select single crystals
which exhibit the same 2∆0 value in the Raman spectra
6measured from distinct laser spots on a freshly cleaved
surface. We find that Tc increases linearly with 2∆0 in
the overdoped regime and reaches its maximum value at
Tmaxc = 90 K. From a linear fit of the Tc values in
a short range between Tc = 50K and Tc = 90K, we
find the reliable relationship: Tc = (2∆0)/8.2 + 28.6.
In the underdoped regime Tc falls down abruptly as a
function of 2∆0 (see Fig. 7). The level of doping p was
defined from Tc using Presland and Tallon’s equation[57]:
1−Tc/Tmaxc = 82.6(p−0.16)2. In the overdoped regime,
estimate of p can be directly determined from 2∆0 using
the above two equations.
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breaking peak 2∆0. Tc and 2∆0 are respectively deduced
from magnetic susceptibility and Raman measurements of Bi-
2212 crystals with distinct oxygen annealing treatments (see
text). The black solid line corresponds to the linear fit of
Tc in a restricted range of the overdoped side. The dashed-
doted line marks off the end of the overdoped regime. The
maximum value of Tc is reached for 90 K which corresponds
to 2∆0 = 503 cm
−1.
D. Signature of the pseudogap from B1g integrated
Raman Intensity
In Fig.8 is reported the temperature dependence of the
B1g Raman response and its integrated Raman intensity
for several doping levels. Below p = 0.22 the Raman
integrated intensity curves exhibit a dip at Tc and reaches
a maximum at T∗ that defines the onset of the pseudogap.
The loss of spectral intensity IB1g (Tc)−IB1g (T ∗) is taken
as the strength of the pseudogap. For p=0.11 (UD 75
crystal, Fig. 8, first row) the strength of the pseudogap
is clearly detected and represents 15% of the integrated
Raman intensity at T = 10K. Importantly, the signature
of the pseudogap manifests itself by a positive slope of
IB1g (T ) just above Tc.This slope stays positive for p ≤
0.22, and changes sign only above pc = 0.22. This change
of sign has been underlined by fitting IB1g (T ) with a
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FIG. 8: Temperature dependence of the Raman response
χ′′B1g and its integrated Raman intensity IB1g (T ) for under-
doped and overdoped Bi 2212 single crystals. For each doping
level, IB1g (T ) has been normalized to this value at T = 10K.
Note that for p=0.11 (UD 75 crystal) the pseudogap signal is
large and represents 15% of the integrated Raman intensity at
T = 10K. Consequently its doping dependence can be easily
tracked.
second order polynomial function (red curve in Fig.8)
just above Tc. The absence of the pseudogap is then
characterized by a negative slope of IB1g (T ) just after
Tc.
E. Comparison between T ∗ determined from Raman
and c-axis transport and other spectroscopy probes
It is important to point out that the doping evolu-
tion of T ∗ from our Raman results on Bi-2212 is in good
agreement with angle resolved photoemission (ARPES),
recent neutron scattering, tunneling and resistivity mea-
surements along the c-axis. This is displayed in Fig.9
and show that the electronic Raman scattering is a reli-
able probe for detecting the pseudogap and for studying
its doping evolution. Note that T ∗ got from B1g Raman
response has been compared to the c-axis tunneling and
transport measurements because all these experiments
probe mostly the anti-nodal properties (cf. O. K. Ander-
son, J. Phys. Chem. Sol. 56, 1573, 1995).
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FIG. 9: Comparison between T ∗ determined by Raman (filled
red circles) and transport and other spectroscopic probes. At
pc = 0.22 there is no signature of normal state pseudogap
(see Fig. 8), consequently T ∗(pc) = Tc(pc). The references
are (i) tunneling : R. M. Disapusil et al. J. Phys. Soc. Jpn.
71, 1535, (2002), L. Ozyuzer et al., Eur. Phys. Lett. 58,
589, (2002), N. Miyakawa et al., Phys. Rev. Lett. 83, 1018,
(1999). (ii) resistivity : T. Watanabe et al., Phys. Rev. Lett.
84, 5848, (2000); T. Usui et al. arXiv:1404.473, (iii)ARPES:
I.M. Vishik et al., Proc. Natl. Acad. Sci. 109, 18332, (2012).
(iv) neutron scattering: L.Mangin-Thro et al., Phys. Rev. B
89, 094523, (2014).
F. Theoretical Raman calculation
We calculate the electronic Raman response using
standard zero-temperature linear response theory [58,
59]. This is given by
χ
′′
ν (Ω) =
∑
α=AB,B
∫ 0
−Ω
∑
k
(γνk,α)
2 [ImGα(k, ω)
× ImGα(k, ω + Ω)− ImFα(k, ω)ImFα(k, ω + Ω)] ,
(2)
where the Raman vertex in the geometry ν = (B1g, B2g)
is γνk,α =
m
~2
∑
a,b e
I,ν
a
∂2αk
∂ka∂kb
eS,νb , with (a, b) denoting
spatial directions (x, y), eI and eS are polarization vec-
tors for the incident and the scattered light respectively.
The normal-state one particle propagator is given by
G(k, ω) = 1/(ω−εk+iΓN ), while in the superconducting
state it can be written in a Nambu formalism:
Gˆ(k, ω) =
(
G(k, ω) F (k, ω)
F (k, ω) −G∗(k,−ω)
)
=(
ω − εk + iΓS ∆k
∆k ω + εk + iΓS
)−1
(3)
Here we have introduced constant scattering rates
ΓN = 0.01t and ΓS = 0.0025t in the normal and su-
perconducting states respectively.
The superconducting gap is given by ∆k =
(∆0/2)(cos kx − cos ky), with ∆0 = 0.025t. Since our
aim is to study only the effect of the Fermi surface topol-
ogy change and the associated van Hove singularity on
the Raman response, we do not change ∆0 with doping.
The Lifshitz transition in the AB band at the criti-
cal doping pc = 0.22 is clearly visible in the B1g Raman
response, since in this geometry one probes mainly the
antinodal parts of the Fermi surface close to the k =
(0,±pi) and (±pi, 0). The Raman-vertex-weighted den-
sity of states NB1g (ω) (defined in the main text) presents
in this case a singularity at the chemical potential (see
Fig. 3.(f), main text), and therefore the χ
′′
B1g
(ω) in-
creases substantially and present a maximum at pc, see
top panels of Fig. 10 (a) and (b). Instead, the NB2g (ω)
does not present any singularity, since in this geometry
one probes mainly the nodal regions of the Brillouin zone.
Consequently the B2g Raman response is not affected by
the Lifshitz transition, and it displays little doping de-
pendence.
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FIG. 10: Raman response evolution (a) in the normal state
and (b) superconducting state for three characteristic dop-
ings. The doping level p = 0.22 corresponds to a Lifshitz
transition where the hole-like AB band becomes electron-
like. The AB band contribution is represented by (red/light
gray) lines and the B band contribution by (blue/dark gray)
lines. Both in the normal and the superconducting states the
B1g response of the AB band shows a substantial enhance-
ment at the van Hove singularity associated with its Lifshitz
transition. The B2g response, by contrast, is only weakly
doping dependent.
In this doping range the B band is far from its own Lif-
80.10 0.15 0.20 0.25 0.30 0.35 0.40
0.4
0.8
1.2
0 1 2 3
0
1
2
3
0 1 2 3
0
1
2
3
0 1 2 3
0
1
2
3
AB+B
B
 
 
I n
t e
n s
i t y
 R
a t
i o
 ( I
B
1 g
/ I B
2 g
)
doping level p 
 Normal state
 SC state
AB
p=0.29
 
kx (in π/a unit)
B
AB
 
 
k y
p=0.16 p=0.36
 
FIG. 11: Integrated intensity ratios IB1g/IB2g for the nor-
mal (solid lines) and superconducting (dash-dot lines) phases
over a doping range wider than what is accessible experimen-
tally. The contributions from the AB (red/light gray) and B
(blue/dark gray) bands are shown separately. They peak at
p = 0.22 and 0.33 respectively, which correspond to the Lif-
shitz transitions in each of these bands, as shown in the top
panel. Note that around p = 0.22 the AB band contribution
is dominant. The physical intensity ratios obtained from the
total responses, i.e., the sum of the responses from the two
bands, is shown in black. All the curves for a given phase are
normalized by the value of the total response in that phase at
p = 0.22.
shitz transition, which would take place at a much higher
doping p = 0.33 which is inaccessible experimentally.
Therefore, its contribution to the Raman B1g response
(blue/ dark gray) curves in Fig. 10) is less relevant than
the AB band one (red/light gray) around p = 0.22.
For the sake of completeness in Fig. 11 we show the
calculated ratio of the total integrated Raman intensi-
ties IB1g /IB2g (defined in main text) for a doping range
larger than what is accessible experimentally. Two peaks
are clearly discernable, both in the normal and the su-
perconducting cases, at p = 0.22 and at p = 0.33, the
first corresponding to the AB band Lifshitz transition,
the second to that of the B band.
For clarity we also plot the IB1g /IB2g for the AB and
B bands separately, which shows that the contribution
of each band peaks at its respective Lifshitz transition
point.
In particular, as we previously stated, the B band con-
tribution to the Raman response at p = 0.22 doping is
substantially smaller than the AB band one (while the
converse is true at p = 0.33). We also display in the
top panels of Fig. 11 the Fermi surface in the first quad-
rant of the Brillouin zone. We clearly observe the change
of topology from an hole- to electron-like Fermi surface
in the AB and B bands, for p = 0.22 and for p = 0.33
respectively.
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